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Abstract. The Ward-Tordai integral equation governs the diffusion-controlled surfactant adsorption at air/liquid interfaces. In this
paper the Ward-Tordai equation is generalized in two directions. First, the adsorption is assumed to take place at a liquid/liquid
interface, where the surfactant is soluble in both liquid phases. Second, the diffusion in the bulk phases is anomalous and is governed
by time-fractional diffusion equations. For the computation of the change of adsorption with time two numerical techniques are
proposed and compared. Numerical results are presented.

INTRODUCTION

In the recent decades Fractional Calculus attracted the attention of many researchers [1]. For applications in Mechanics
we refer to [2, 3, 4], to mention only few of many recent monographs.

The work of Ward and Tordai (1946) [5] on the dynamics of surfactant interfacial layers, is still the theoretical
basis of all new models to describe the time dependence of interfacial properties [6]. In fact, the famous Ward-Tordai
integral equation governing the diffusion-controlled adsorption of surfactants at air/liquid interfaces, is a remarkable
example of a fractional-order equation (in this particular case of order 1/2) derived from a classical integer-order
model. The problem leading to the Ward-Tordai equation concerns adsorption of an aqueous surfactant solution at
the air/solution interface. The process consists of two steps: diffusion (transport of surfactant molecules from the bulk
phase to the subsurface due to a concentration gradient) and adsorption (transport of molecules from the subsurface
to the surface). If the rate of the diffusion step is much slower than that of the adsorption, the whole process is
controlled by diffusion and is called diffusion-controlled adsorption [7, 8]. For completeness, a simplified derivation
of the Ward-Tordai equation is given next.

The diffusion of surfactant in the bulk phase is governed by the equation

∂C(x, t)
∂t

= D
∂2C(x, t)
∂x2 , t > 0, x > 0, (1)

with initial and boundary conditions on the surface (x = 0) and at infinity:

C(x, 0) = Ceq, x > 0, (2)

lim
x→0+

C(x, t) = Cs(t), lim
x→+∞C(x, t) = Ceq, t ≥ 0. (3)

Here C(x, t) is the surfactant concentration in the bulk phase, D is the diffusion coefficient, Ceq is the input concentra-
tion of surfactant in the bulk, and Cs(t) is the subsurface surfactant concentration.

For the surfactant concentration on the interface, x = 0, we use the standard notation Γ(t). There is a relationship
between Cs(t) and Γ(t) in the form KCs(t) = f (Γ(t)), called “adsorption isotherm”. Here K denotes the adsorption con-
stant. Different surfactants obey different adsorption isotherms. Typical adsorption isotherms are those of Langmuir,
Frumkin, Van der Waals, Freundlich, etc. [9, 10].
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The change of surfactant concentration on the interface is compensated by the diffusion flux from the bulk:

dΓ(t)
dt
= D

∂C(x, t)
∂x

∣∣∣∣∣
x=0
, t > 0. (4)

It is supposed that, initially, the interface contains a given amount of surfactants, i.e.

Γ(0) = Γ0. (5)

The aim is to determine the evolution of surfactant concentration Γ(t) on the interface.
The problem is conveniently treated applying the technique of Laplace transform with respect to time t, where

the following notations are used

L{u(x, t)}(s) = û(x, s) =
∫ ∞

0
e−stu(x, t) dt.

Applying Laplace transform to the diffusion equation (1) and taking into account the initial condition (2), the following
ODE is obtained

sĈ(x, s) −Ceq = D
∂2Ĉ
∂x2 , x > 0, (6)

where s > 0 is considered as a parameter. Equation (6), equipped with boundary conditions for Ĉ(x, s), derived from
conditions (3): Ĉ(0, s) = Ĉs(s), Ĉ(+∞, s) = Ceq/s, admits the solution

Ĉ(x, s) =
Ceq

s
+

(
Ĉs(s) − Ceq

s

)
exp

(
−

√
s
D

x
)
. (7)

On the other hand, application of Laplace transform to equation (4) yields

ŝΓ(s) − Γ0 = D
∂Ĉ
∂x

∣∣∣∣∣∣
x=0
=
√

Ds
(
Ceq

s
− Ĉs(s)

)
, (8)

where (5) and (7) have also been used. We divide both sides of equation (8) by s and take the inverse Laplace transform
with the help of the convolution property for Laplace transform and the identity

L−1
{

1√
s

}
=

1√
πt
.

In this way, as a final result, the diffusion equation is transformed into the following space independent nonlinear
Volterra integral equation with a weakly singular kernel:

Γ(t) = Γ0 +

√
D
π

∫ t

0

Ceq −Cs(τ)
(t − τ)1/2 dτ. (9)

It was derived for the first time (in a different way) by Ward and Tordai in [5]. Since Cs(t) is a function of Γ(t) via an
adsorption isotherm, we can define the function

F(Γ(t)) =
√

D
(
Ceq −Cs(t)

)
=
√

D
(
Ceq − f (Γ(t))/K

)
and rewrite the Ward-Tordai integral equation (9) in the form:

Γ(t) = Γ0 +
1√
π

∫ t

0

F(Γ(τ))
(t − τ)1/2 dτ. (10)

Further, using the definitions of fractional integrals and derivatives, see Appendix, equation (10) can be rewritten in
compact form as the following fractional-order integral equation

Γ(t) = Γ0 + J1/2
t {F(Γ(t))} , (11)
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where Jαt denotes the Riemann-Liouville fractional integral. Applying to both sides of (11) the fractional derivative in
Caputo sense D1/2

t , the following fractional-order differential equation is deduced

D1/2
t Γ(t) = F(Γ(t)), Γ(0) = Γ0. (12)

The derived equations (9)-(12) are usually nonlinear due to the nonlinearity of the adsorption isotherms. Therefore,
numerical techniques for the solution are necessary.

Interpretation of the Ward-Tordai equation in the light of Fractional Calculus can be found in [11, 12]. In [13]
fractional-order generalizations to the diffusion-controlled adsorption problem are proposed and studied. In this work
memory effects are introduced into the processes of diffusion and adsorption by replacing the first derivatives in time
in equations (1) and (4) by fractional derivatives of orders between 0 and 1. In general, anomalous diffusion through
non-homogeneous media is studied in a vast amount of papers, e.g. [14, 15] and the very recent survey paper [16].
Numerical techniques for the solution of the Ward-Tordai equation and its generalizations are discussed in [11, 17, 13].
For the general theory of interfacial transport processes we refer to [9].

In this work we consider diffusion-controlled adsorption of surfactants at a liquid/liquid interface, where the sur-
factants are soluble in both phases. Anomalous diffusion is assumed in both bulk phases, governed by time-fractional
diffusion equations. We derive a generalization of the Ward-Tordai integral equation for the surfactant concentra-
tion Γ(t) on the interface. Two methods for the numerical computation of Γ(t) are presented and some numerical
experiments are performed. Definitions and basic properties of the Riemann-Liouville fractional integral and Caputo
fractional derivative, as well as details on the Fractional Adams method for numerical solution of nonlinear fractional-
order integral equations, are given in an Appendix.

FRACTIONAL DIFFUSION-CONTROLLED ADSORPTION AT LIQUID/LIQUID
INTERFACE

Consider surfactant that is soluble in two liquid phases which are in contact at an interface. Such system is in general
not in equilibrium and processes of diffusion of surfactant in the bulk phases and adsorption on the interface take
place.

Schematic sketch of the problem for diffusion-controlled adsorption at liquid/liquid interface is given in Fig. 1,
where C+(x, t) and C−(x, t) denote the surfactant concentrations in phase 1 (x > 0) and phase 2 (x < 0), respectively;
Γ(t) is the concentration of surfactant on the interface at x = 0; K± are adsorption constants. Fig. 1 corresponds to a
practically important particular case, in which initially one of the phases is free of surfactants.

The mathematical formulation of the problem for adsorption at liquid/liquid interface controlled by anomalous
diffusion contains two time-fractional equations for anomalous diffusion of surfactant in the bulk phases:

Dμt C−(x, t) = D−
∂2C−(x, t)
∂x2 , x < 0, Dνt C

+(x, t) = D+
∂2C+(x, t)
∂x2 , x > 0; t > 0, (13)

where μ and ν are parameters of anomalous diffusion, 0 < μ ≤ 1, 0 < ν ≤ 1, and D± are the diffusion coefficients in
the corresponding phases. The diffusion equations are complemented with the initial conditions:

C−(x, 0) = C−eq, x < 0; C+(x, 0) = C+eq, x > 0; (14)

and boundary conditions
lim

x→−∞C−(x, t) = C−eq, lim
x→∞C+(x, t) = C+eq, t > 0, (15)

lim
x→0−

C−(x, t) = C−s (t), lim
x→0+

C+(x, t) = C+s (t), t > 0, (16)

where C±s (t) are the subsurface surfactant concentrations and C±eq are the input concentrations of surfactant in the bulk
phases. Recall that in Fig. 1 a particular case is depicted, in which initially one of the phases is free of surfactants:
C−eq = 0, C+eq = Ceq. In addition, the following identity for the two subsurface surfactant concentrations is satisfied

K−C−s (t) = K+C+s (t) = f (Γ(t)), t > 0, (17)

where f (Γ) is the adsorption isotherm.

050012-3



C+(x→∞)=C+(x,t=0)=Ceq

0

x

Diffusion ∼ ΔC+

Phase 1 (x>0); C+(x,t)
    Adsorption
bulk→Interface
∼ ∇C+(x=0+,t)

K-C-(x=0-,t)=K+C+(x=0+,t)

C(x,t)

Interface (x=0)
 concentration

Γ(t)

Desorption
Interface → bulk
∼∇C-(x=0-,t)

Diffusion ∼ ΔC-

C-(x→-∞)=C-(x,t=0)=0

Phase 2 (x<0); C-(x,t)

FIGURE 1. Schematic sketch of the problem for diffusion-controlled adsorption at liquid/liquid interface.

The change of the surfactant concentration Γ(t) on the interface is compensated by the diffusion fluxes from the
both bulk phases, which results in the equation:

dΓ(t)
dt
= −D−

∂C−(x, t)
∂x

∣∣∣∣∣
x=0−
+ D+

∂C+(x, t)
∂x

∣∣∣∣∣
x=0+
, t > 0; Γ(0) = Γ0. (18)

Here again Γ0 is the initial surfactant concentration on the interface.
To find an equation for the surfactant concentration on the interface Γ(t), we first apply Laplace transform with

respect to t to the diffusion equations (13) in the bulk phases using (26). Taking into account the initial conditions (14)
and boundary conditions (15) and (16) we deduce the solutions of the obtained ODEs

Ĉ−(x, s) =
C−eq

s
+

(
Ĉ−s (s) − C−eq

s

)
exp

⎛⎜⎜⎜⎜⎜⎝x

√
sμ

D−

⎞⎟⎟⎟⎟⎟⎠ , x < 0; (19)

Ĉ+(x, s) =
C+eq

s
+

(
Ĉ+s (s) − C+eq

s

)
exp

⎛⎜⎜⎜⎜⎜⎝−x

√
sν

D+

⎞⎟⎟⎟⎟⎟⎠ , x > 0. (20)

On the other hand, application of Laplace transform to equation (18) yields by the use of equations (19) and (20)

ŝΓ(s) − Γ0 = −D−
∂Ĉ−

∂x

∣∣∣∣∣∣
x=0−
+ D+

∂Ĉ+

∂x

∣∣∣∣∣∣
x=0+
=
√

D−sμ
(C−eq

s
− Ĉ−s (s)

)
+
√

D+sν
(C+eq

s
− Ĉ+s (s)

)
,

which implies

Γ̂(s) =
Γ0

s
+
√

D−sμ/2−1
(C−eq

s
− Ĉ−s (s)

)
+
√

D+sν/2−1
(C+eq

s
− Ĉ+s (s)

)
.

We take the inverse Laplace transform and deduce with the help of the identity (26) for the Riemann-Liouville integral
and relation (17) the following integral equation for the surfactant concentration on the interface:

Γ(t) = Γ0 + J1−μ/2
t

{
F−(Γ(t))

}
+ J1−ν/2

t
{
F+(Γ(t))

}
, (21)

where
F±(Γ(t)) =

√
D±

(
C±eq − f (Γ(t))/K±

)
.
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In the case of classical diffusion in the bulk phases, μ = ν = 1, the equation governing the surfactant concentration on
the liquid/liquid interface is deduced from (21):

Γ(t) = Γ0 + J1/2
t

{
F−(Γ(t)) + F+(Γ(t))

}
. (22)

Equations (22) and (21) are generalizations of the Ward-Tordai equation (11).

NUMERICAL RESULTS

For numerical computation of the function Γ(t) two different numerical methods are applied.
• Fractional Adams method for numerical solution of the Ward-Tordai equation (11) and its generalizations (22)

and (21). The numerical scheme is described in the Appendix. This scheme can be directly applied to solve equations
(11), (22), and (21) with μ = ν. For the solution of (21) for μ � ν a straightforward modification of the fractional
Adams method can be used, adding to the terms corresponding to J1−μ/2

t {F−(Γ(t))} in the predictor and corrector
equations (29) and (30) analogous terms corresponding to J1−ν/2

t {F+(Γ(t))}.
• Finite difference method (FDM) for the diffusion-adsorption problem. The proposed finite difference scheme

uses a nonuniform mesh in space. The spatial step hi increases as a geometric progression with common ratio q:
ω̄h =

{
xi+1 = xi + hi, x0 = 0, i = 0, n; hi+1 = hiq, i = 2, n − 3

}
, with an exception that the first three and the last two

steps are constant, h0 = h1 = h2 and hn−1 = hn. Thus, keeping the ratio q close to 1 the mesh is locally almost uniform.
The time step is constant as in the previous scheme.

In the tests performed in this paper h0 = 2.5×10−7 and hn = 2.5×10−4 at q = 1.2, n = 40 and time step τ = 10−5.

For the approximation of the spatial terms ∂
2C
∂x2 third order finite differences are used:

∂2C
∂x2 ≈ ai

1.C
j
i−2 + ai

2.C
j
i−1 + ai

3.C
j
i + ai

4.C
j
i+1 + ai

5.C
j
i+2.

The definition of the coefficients ai
k can be found e.g. in [18].

0 5 10 15 20 25 30 35 40 45 50
t

0.04

0.045

0.05

0.055

0.06

0.065

0.07

0.075

0.08

γ

K=16.5; D=5.5*10-10;Ceq=0.1

K=70; D=10-10;Ceq=0.2

FIGURE 2. Comparison between the two numerical methods in the case of air/liquid surface: Fractional Adams method for the
Ward-Tordai equation (marks) and FDM for the diffusion-adsorption equation (lines).

Numerical computations for some test problems are performed and the results are given in Figs. 2 and 3. Since
in experiments the amount of surfactant Γ(t) adsorbed at an interface can not be measured directly and is usually
calculated indirectly from interfacial tension measurements [19, 20], in the figures we present plots for the interfacial
tension γ(t) . The results have been obtained with the help of the Frumkin adsorption isotherm

KCs =
θ

1 − θ exp (−βθ)
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and the corresponding equation of state
γ0 − γ
EBΓ∞

= − ln(1 − θ) − β
2
θ2,

where θ(t) ≡ Γ(t)/Γ∞ is the surface coverage, with Γ∞ being the maximum surfactant concentration, and β is an
interaction parameter. In all computations initially the interface is clean of surfactants, Γ0 = 0, with initial interfacial
tension γ0 = 0.0722N/m, and the other parameters in the equation of state are: β = 1.62, EB = 2479N.m/mol.

Fig. 2 corresponds to the case of air/liquid surface and classical diffusion. Two sets of parameters are considered.
A very good agreement between the results obtained by the different numerical methods is seen, which indicates
the high accuracy of both methods. It is worth mentioning that further mesh refinement (in space or time) in both
methods does not affect the results. The fractional Adams method has the advantage to give directly the surfactant
concentration Γ(t) on the interface, without computation of the surfactant concentration in the bulk phases. However,
due to the presence of convolutional integral in the Ward-Tordai equation the CPU time and the computer memory
required for a single step of calculation increase with time. On the other hand, the FDM simulates the whole process
of surfactant diffusion in the bulk phases and its adsorption on the interface. In the classical case (μ = ν = 1) the CPU
time and computer memory required for a single time step do not increase with time. The latter is, however, not valid
when anomalous diffusion is considered in one or both phases.

0 5 10 15 20 25
t

0.055

0.06

0.065

0.07

0.075

γ K+=16.5; C+
eq=0.1; K-=10; C-

eq=0

K=16.5; Ceq=0.1

Two Phases

One Phase

FIGURE 3. Comparison between adsorption on air/liquid surface with that on liquid/liquid interface.

In Fig. 3 the change with time of the interfacial tension γ(t) is given in the cases of adsorption at air/liquid surface
and at liquid/liquid interface. The main difference between the two cases is that in the first one the surfactant is soluble
only in one of the phases (liquid), while in the second one they are soluble in both phases. Classical diffusion in all
liquid phases (μ = ν = 1) is considered. The numerical computations are performed employing the finite difference
method. The parameters in the liquid/liquid case for one of the phases (x > 0) are chosen to be the same as those in
the case of one liquid phase (liquid/air interface). The other phase (x < 0) is initially clean of surfactants, C−eq = 0.
Thus, part of the surfactants that are adsorbed on the interface from the liquid phase in the half-space x > 0 desorb to
the other liquid phase (in the half-space x < 0). This results in a smaller concentration of surfactants Γ(t) in the case of
two phases (liquid/liquid case) compared to the case of one phase (air/liquid case), and respectively, higher interfacial
tension γ(t) as it is seen in Fig. 3.

CONCLUDING REMARKS

The Ward-Tordai integral equation governing the diffusion-controlled adsorption of surfactant at air/liquid interface is
generalized in two directions: the adsorption is considered at an interface between two liquids and memory effects in
the diffusion in both bulk phases are introduced. The generalized Ward-Tordai equation is a nonlinear integral equation
containing two Riemann-Liouville integral operators of orders between 0 and 1. For the numerical computation of the
change of adsorption with time two numerical techniques are proposed: Fractional Adams method for numerical
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solution of the generalized Ward-Tordai equation and Finite difference method for the original diffusion-adsorption
problem.

In this paper only the case of classical diffusion in both phases is treated in the numerical experiments. The
general problem will be solved numerically in a future work.

In the light of Fractional Calculus another generalization of the problem is feasible: to introduce memory effects
not only in the diffusion components of the model, but also in the adsorption part. This is done in [13] for the case of
air/liquid surface. Replacing the first derivative of Γ(t) in (18) by a fractional derivative of order δ ∈ (0, 1) will lead
to operators in the corresponding generalized Ward-Tordai equation, which are either integral or differential operators
of fractional order, depending on the relations between the fractional parameters μ, ν and δ. This will lead to different
regimes in the diffusion-adsorption process.
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APPENDIX

Fractional order operators
Next we give definitions and some basic properties of the operators of fractional integration and differentiation [21].

The Riemann-Liouville fractional integral Jαt is defined as follows

Jαt f (t) =
1
Γ(α)

∫ t

0
(t − τ)α−1 f (τ) dτ, α > 0; J0

t f (t) = f (t); (23)

where Γ(.) is the Euler Gamma function. To avoid confusion, let us note that in this paper the symbol Γ(.) denotes
Gamma function only in the Appendix In the main body of the paper it always denotes the surfactant concentration
on the interface.

The Caputo fractional derivatives, Dαt is defined for α ∈ (0, 1] by the identity

Dαt = J1−α
t

d
dt
, α ∈ (0, 1]. (24)

Some basic properties of the fractional order operators are listed next:

Jαt Jβt = Jα+βt , α, β > 0; Dαt Jαt f (t) = f (t), Jαt Dαt f (t) = f (t) − f (0), α ∈ (0, 1]. (25)

Application of Laplace transform to the fractional order operators obeys the following identities

L{Jαt f }(s) = s−α f̂ (s), α > 0; L{Dαt f }(s) = sα f̂ (s) − sα−1 f (0), α ∈ (0, 1]. (26)

They can be derived from the Laplace transform pair

L
{

tα−1

Γ(α)

}
= s−α, α > 0, (27)

and the identity for the first order derivative L{ f ′}(s) = s f̂ (s) − f (0).

Fractional Adams method
The fractional Adams method, proposed and analyzed in [22, 23], is a predictor-corrector numerical method for
solution of nonlinear integral equations in the form

y(t) = y0 + Jαt F(y(t)), 0 ≤ t ≤ T. (28)
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To find a numerical solution of Eq. (28) a uniform grid {t j = jh, j = 0, 1, ...,N} is considered with some integer N and
h = T/N. Denote by y j the approximation for y(t j), j = 0, 1, ...,N. The predictor yP

k+1 is determined by the formula

yP
k+1 = y0 +

k∑
j=0

bα, j,k+1 F(y j), bα, j,k+1 =
hα

Γ(α + 1)
((k + 1 − j)α − (k − j)α). (29)

The corrector scheme is:

yk+1 = y0 +

k∑
j=0

aα, j,k+1 F(y j) + aα,k+1,k+1 F(yP
k+1), aα, j,k+1 =

hα

Γ(α + 2)
Aα, j,k+1 (30)

where

Aα, j,k+1 =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
kα+1 − (k − α)(k + 1)α if j = 0,
(k − j + 2)α+1 + (k − j)α+1 − 2(k − j + 1)α+1 if 1 ≤ j ≤ k,
1 if j = k + 1.
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